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Abstract. A primordial stochastic magnetic field will induce temperature and polar-
ization fluctuations in the cosmic microwave background. We outline a calculation of
the resulting fluctuation power spectra and present numerical results.
I INTRODUCTION
The presence of a magnetic field in the early universe influences the evolution of
metric perturbations, and as a result, might leave observable traces in the cosmic
microwave background (CMB). During the past few years the gravitational effects
of a homogeneous magnetic field were presented by several authors; for a detailed
review see [1] and references therein. More realistic is the case of a stochastic
magnetic field, because any causal generation mechanism results in stochastic fields.
Some estimates of CMB temperature power spectra from density perturbations
induced by a stochastic magnetic field are given in [2] and numerical simulations
are presented in [3]. The vorticity induced by a stochastic magnetic field was
studied in [4] and CMB temperature fluctuations were obtained in the case of a
single k mode. The gravitational waves generated by tangled magnetic fields and
the resulting tensor CMB temperature fluctuations spectra are given in [5].
Here we outline a comprehensive analytic calculation of temperature and po-
larization power spectra due to all types of metric perturbations arising from a
primordial stochastic magnetic field, which we assume to be statistically homoge-
neous and isotropic and described by a power law. Detailed results will be presented
elsewhere.
II METRIC PERTURBATIONS INDUCED BY
MAGNETIC FIELDS
The energy density of the magnetic field is treated as a first order perturbation,
which thus does not alter the background cosmology. Prior to decoupling, the
conductivity of the primordial plasma can be assumed to be infinite, which in
the comoving frame implies the “frozen-in” condition E = −v × B, where v is
the plasma velocity and E is the electric field induced by plasma motions. Infinite
conductivity leads to a vanishing electric field in linear perturbations theory (v ≪ 1)
and permits a split of the spatial structure and time dependence of the magnetic
field. As the universe expands, magnetic field lines are simply conformally diluted
due to flux conservation: B(η,x) = B(η0,x)/a
2, where a is the scale factor.
We assume that magnetic field is distributed homogeneously and isotropically
with a power law power spectrum [5]:
〈Bi(k)B
∗
j (k
′)〉 = (2π)5
λn+3
Γ(n+3
2
)
B2λ(δij − kˆikˆj)k
nδ(k− k′), k < kD. (1)
The spectrum vanishes for all scales smaller than a damping scale k > kD; we
require the spectral index n > −3 so as not to overproduce superhorizon coherent
fields. Bλ is the rms magnetic field strength today smoothed over a co-moving
length scale λ.
The electromagnetic stress-energy tensor may be geometrically decomposed into
scalar (density), vector (vorticity) and tensor (gravitational wave) perturbation
modes: τ
(B)
ij = Π
(S)
ij + Π
(V )
ij + Π
(T )
ij . From the tensor Π
(S)
ij we can construct scalar
Π(S) which describes the density perturbations, and from the tensor Π
(V )
ij a vector
Π
(V )
i which describes the vorticity perturbations. Then Π
(S) is proportional to the
magnetic field energy density |ρB(k, η0)| ≃
3
2
|Π(S)(k, η0)|, and Π
(V )
i is proportional
to the vortical piece of the Lorentz force, L
(V )
i = kΠ
(V )
i . The isotropic spectra
Π(S),(V ),(T ) appear as source terms for scalar, vector and tensor perturbations (for
details see [5], [7]).
To obtain the evolution equations for perturbations, we must derive the scalar,
vector and tensor magnetic field correlation functions for Π(S), Π
(V )
i and Π
(T )
ij as de-
scribed in [5] and obtain the corresponding spectra as a functions of n, Bλ and kD.
Terms induced by the magnetic field (e.g. Lorentz force, magnetic field anisotropic
stresses) appear only in the dynamical equations describing baryons. We use no-
tational conventions of Ref. [6] and employ the Newtonian gauge; a is the scale
factor, η is conformal time, and 0 subscripts refer to the present time.
Scalar perturbations: Since we assume that the background spacetime is unper-
turbed and linear order perturbations arise only from the magnetic field, the stress
energy of the magnetic field is not compensated by anisotropic stress of the plasma
and we have non-zero initial conditions for gravitational potentials. Such initial
conditions might arise from an inflation-like process; the compensated case, arising
from causal processes like phase transitions, has more complicated dynamical ef-
fects, but our estimates should still be of the correct order of magnitude. We limit
the spectral index of the magnetic field to n < 2 [5]; the case n > 2 corresponds to
causally generated fields, which also must be compensated.
The scalar constraint equations from the Einstein equations are two Poisson
equations,
k2Φ = 4πGa2[ρfδf + ρB], k
2(Ψ + Φ) = −12πGa2Π(S), (2)
where ρfδf is the total fluid perturbation. The dynamical Einstein equations de-
termine the evolution of the photon and baryon densities (see also [8]):
δ˙γ = −
4
3
(kv(S)γ +3Φ˙), δ˙cdm = −(kv
(S)
cdm+3Φ˙), δ˙b = −(kv
(S)
b +3Φ˙)−3
a˙
a
Π(S)
ρb
. (3)
Using the zero-order approximation for tight coupling regime, vb ≃ vγ ≃ v
(S), we
obtain the following equation of motion [7] from momentum conservation equations
for baryons and photons:
v˙(S) −
k
4
δγ − kΨ+
kΠ(S)
ργ + pγ
= 0. (4)
Using the equations of motion, it is possible to show that the two terms on the
right side of the first Poisson equation are roughly equal. An approximate solution
for the gravitational potential is then
Φ(η) ≃
12πGΠ(S)(η0, k)
k2a2
. (5)
Vector perturbations: The vector Einstein equation which describes the evolution
of the vector potential sourced by a stochastic magnetic field is
V˙i + 2
a˙
a
Vi = −16πGa
2Π
(V )
i (η,k)/k. (6)
Another constraint equation relates the vector potential to the vorticity Ω:
−k2Vi = 16πGa
2(ρ+ p)Ωi. (7)
Introducing the Lorentz force term into the baryon Euler equation, neglecting
baryon inertia, and solving the baryon momentum conservation equation in the
tight-coupling approximation, we obtain an approximate solution for the vorticity,
Ω(η,k) ≃
kΠ(V )(η0,k)η
ργ0 + pγ0
. (8)
Tensor perturbations: The tensor Einstein equation that describes the evolution
of gravitational waves sourced by a stochastic magnetic field is [2,5]
H¨ij + 2
a˙
a
H˙ij + k
2Hij = 8πGa
2Π
(T )
ij (η,k). (9)
The tensor case has no additional constraint equations. As in the case of vector
perturbations, we neglect the tensor anisotropic stress of the plasma, which is in
general negligible. A Green function technique gives an approximate solution for
η > ηeq [5]
H˙(η, k) ≃ 4πGη20zeq ln
(
zin
zeq
)
kΠ(T )(η0, k)
j2(kη)
kη
, (10)
where H(η, k) and Π(T )(η0, k) are isotropic correlation functions of the tensors Hij
and Π
(T )
ij respectively, zin is the initial redshift at which the magnetic field is gen-
erated, and zeq is the redshift at matter-radiation equality.
III CMB ANISOTROPIES
The solutions for the metric perturbations presented above can be used to com-
pute the power spectra of temperature and polarization anisotropies in the CMB.
The contributions from scalar, vector, and tensor perturbations are all uncorrelated.
For all three cases, the temperature fluctuations arise simply from the Sachs-Wolfe
effect, while the polarization fluctuations are sourced by these temperature fluctu-
ations. For the scalar case, the temperature perturbation is just the familiar −Φ/3
at decoupling. The vector and tensor cases are slightly less familiar; expressions
are given in Ref. [9] for vector perturbations and Ref. [5] for tensor perturbations.
We have derived analytic approximations to the angular power spectra of tem-
perature and polarization for all three types of metric perturbation, neglecting
small-scale damping effects due to photon diffusion or magnetic damping. As ex-
amples, for scalar perturbations with n < −3/2, the temperature power spectrum
is
ℓ2CTTℓ ≃
(2π)5
3
G2η40
a4dec
22n+1n
(n + 3)(2n+ 3)
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Γ2
(
−n+ 1
2
)
Γ2
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2
)
(
λ
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)2n+6
ℓ2n+2B4λ, (11)
while the power spectrum for the polarization-temperature cross correlation is
ℓ2CTEℓ ≃ −
8π4
9
Gη20
ργ0+pγ0
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2
)
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)2
B4λ.
(12)
Complete expressions for all cases will be presented elsewhere; only the temperature
power spectrum for tensors [5] and a partial calculation of the temperature power
spectrum for vectors [4] have been worked out previously.
FIGURE 1. The total power spectra ℓ2Cℓ vs. ℓ for n = −2 are shown: ℓ
2CTT
ℓ
- solid line,
ℓ2CEE
ℓ
- dotted line, ℓ2CBB
ℓ
- short dashed line, ℓ2CTE
ℓ
long-dashed line.
The total power spectra for n = −2 are shown in the Figure. For the smooth-
ing scale we take λ = 0.1 Mpc, which corresponds to the maximum comoving
length scale of galaxies (as in [5]); for the magnetic field damping scale we take the
Alfven cut-off scale [4,5], which is roughly kD ≃ 4.5h Mpc
−1. Photon diffusion and
magnetic damping will give an exponential cutoff to this fluctuation power spectra
above a characteristic value of ℓ. Note that for n > −2, the polarization power
spectra are actually larger than the temperature power spectrum for l > 50.
The magnetic field spectral index is confined to the range −3 < n < 2. As
shown in [5,7], no spectral index will produce a scale-invariant CMB power spec-
trum (ℓ2Cℓ constant) for scalar temperature and polarization anisotropies while
n → −3 results in a scale-invariant cross correlation spectrum ℓ2CTEℓ . The vec-
tor perturbations cannot produce scale-invariant spectra for allowed values of n; for
tensor perturbations both, the temperature and polarization spectra ℓ2Cℓ are scale-
invariant for n → −3. Scalar perturbations are always subdominant if compared
to vector and the dominant tensor perturbations.
The CMB power spectra due to a magnetic field vary in amplitude like the square
of the energy density perturbations, or as B4. It will thus be impractical to obtain
upper limits on magnetic field strengths which are significantly more stringent than
around 10−9 Gauss; limits improve as n decreases. On the other hand, if primor-
dial fields are present at this level, the combined signature in the various microwave
background power spectra will give an unmistakable signal. We also note that the
vector and tensor perturbations generated by magnetic fields are one of the few cos-
mological sources of “B” polarization [10], along with primordial tensor perturba-
tions and gravitational lensing of the microwave background. Stochastic magnetic
fields also will induce Faraday rotation in the microwave background polarization,
providing an additional “B” polarization signal; we are currently considering this
question.
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